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Abstract
We notice that the Maroni invariant of a trigonal Gorenstein curve of arithmetic genus g
larger than four may be equal to zero, and we show that this happens if and only if the g13
admits a non-removable base point, which is necessarily a singularity of the curve. We realize
and study trigonal curves on rational scrolls, which in the case, where the g13 admits a base point
Q, degenerate to a cone with vertex Q.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
For trigonal curves there is, beyond the genus, another discrete invariant under bi-
rational transformations. This invariant has been discussed by Maroni [11]. He begins
his paper by recalling (‘Come -e noto, : : :’) the de@nition:
A non-hyperelliptic curve is called trigonal if it admits a pencil of degree 3.
Referring to Severi [15] and Bertini [3], Maroni observes that an algebraic curve
admits in@nitely many g13’s if it is of genus 3, has one or two g
1
3’s if the curve is of
genus 4, and at most one g13 if the genus is larger than 4. For curves of genus g¿ 5,
Maroni proves that the invariant of a trigonal curve is never zero; more precisely, if
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we denote by m the invariant, then
g− 4
3
6m6
g− 2
2
: (1)
For these authors, trigonal curves were implicitly supposed to be smooth, or equiva-
lently, they studied trigonal curves only up to birational transformations. On the other
hand, non-smooth, or singular, curves are important in many situations. In this paper
we extend the theory of the smooth trigonal curves by admitting singularities. Unlike
smooth curves, a trigonal Gorenstein curve of genus g¿ 5 may have Maroni invariant
equal to zero. We characterize when that happens.
In this paper we consider a complete integral algebraic curve C de@ned over an
algebraically closed @eld k. In the context of possibly singular curves, by a divisor we
mean a coherent (fractional) ideal sheaf. We call C trigonal if it is equipped with a
pencil of degree 3, but does not admit a pencil of degree 2. Then, a base point of a
g13 is necessarily a singular point, which cannot be removed from the pencil. For more
details about base points, see Section 2 below.
Extending the Maroni invariant to curves with singularities, we associate to the g13
an integer m. We show that if C is a trigonal Gorenstein curve of arithmetic genus
g¿ 5, then C admits only one g13, and therefore m is an invariant of C. If the pencil
of degree 3 is base point free then, as in the non-singular case, the Maroni invariant
satis@es relation (1). In contrast, when the g13 has a base point, the Maroni invariant
of the trigonal Gorenstein curve is necessarily equal to zero.
To study the intrinsic geometry of the trigonal Gorenstein curves, we embed them
canonically in the projective space of dimension g−1, and study the extrinsic geometry
of the canonical trigonal curves. In order that the Enriques–Babbage theorem about the
intersection of the quadratic hypersurfaces containing a canonical curve remains true
for Gorenstein curves, it is necessary to allow the degree-3 pencils to admit base points.
Let us focus here on the case of curves with Maroni invariant zero.
Up to a convenient choice of projective coordinates in Pg−1(k), the canonical curve
lies on the cone
S := S0; g−2 =
{
(x0 : · · · : xg−1)∈Pg−1(k)
∣∣∣∣∣rank
(
x0 : : : xg−3
x1 : : : xg−2
)
¡ 2
}
with vertex Q = (0 : · · · : 0 : 1). By studying canonical curves on the cone we provide
an explicit description of their equations.
Theorem 1. The mapping that assigns to the curves on S their inverse images under
the local parameterization A2(k) ,→ S de>ned by (a; b) → (a0 : · · · : ag−2 : b); induces
a bijective correspondence between the canonical Gorenstein curves on the cone S ⊂
Pg−1(k) and the aBne plane curves given by the polynomial equations
f(x; y) = c2(x)y2 + c1(x)y + c0(x) = 0
that are irreducible and satisfy deg c2(x)6 2; deg c1(x)6 g and deg c0(x)6 2g − 2;
where equality holds for at least one degree.
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Conversely, with a careful local analysis near the vertex Q, we see that the lines on
the cone S cut out on a canonical curve a pencil of degree 3 with a base point:
Theorem 2. A complete integral algebraic curve of arithmetic genus g¿ 5 is a trig-
onal Gorenstein curve with Maroni invariant zero if and only if it is isomorphic to a
canonical curve on the cone S. Moreover; the g13 does not consist of locally principal
divisors; and the vertex of S is the only base point of the g13.
These results lead to a complete description of the geometry for this class of curves.
The branches of C centered at Q correspond bijectively to the roots (@nite or in@nite)
of c2(x), if c2(x) is not identically zero, and they correspond bijectively to the roots
of c1(x), otherwise. Moreover, each branch is uniquely determined by its tangent line.
If c2(x)= 0, the point Q is the only singular point of C and the non-singular model of
C is isomorphic to the projective line. It is interesting to point out that, for Gorenstein
curves, it may happen that every branch centered at the base point be non-Gorenstein.
See our examples in Section 3.
The case c2(x) =0 is more subtle. The blowup of C centered at Q is isomorphic to
the curve on the cone S0g ⊂ Pg+1(k) given by the monic equation
z2 + c1(x)z + c0(x)c2(x) = 0
which is a hyperelliptic Gorenstein curve of arithmetics genus g − 1. Conversely, we
can start from a hyperelliptic Gorenstein curve to construct trigonal Gorenstein curves
with a base point. More speci@cally:
Theorem 3. The trigonal Gorenstein curves of arithmetic genus g and Maroni in-
variant zero whose base points are nodes (respectively; cusps) correspond bijectively
to the hyperelliptic Gorenstein curves of arithmetic genus g − 1 equipped with two
smooth non-conjugate points (respectively; equipped with a smooth non-Weierstrass
point).
In Section 4, we provide examples showing that some important statements proved
in this paper do not extend, in general, to non-Gorenstein curves. For example, in
Section 2 we prove that a curve is Gorenstein, if it admits a base point free g13 whose
Maroni invariant has the minimal value (g − 4)=3. And, by using Rosenlicht’s partial
normalization, we construct examples of non-Gorenstein curves that admit base point
free pencils of degree 3 with m¿ (g− 4)=3.
We are grateful to the referee whose questions and suggestions stimulated the inclu-
sion of Proposition 3.6 and subsequent results in Section 3 of this revised version. We
also wish to thank to Edoardo Ballico for sending us his preprint Trigonal Gorenstein
curves and Weierstrass points, in which the arithmetic genus of the strict transform
C′ has also been determined.
2. Pencils of degree 3 on singular curves
We begin by introducing some basic notions that are used throughout the paper.
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Let C be a complete integral algebraic curve de@ned over an algebraically closed
@eld k. By a divisor of C we mean a coherent (fractional) ideal sheaf, which we write
as the formal product of its stalks, say
a=
∏
P∈C
aP;
where aP is a (fractional) ideal over the local ring OP = OC;P for each P ∈C and
aP=OP for almost all points P ∈C. The locally principal divisors (also called Cartier
divisors), which are the divisors whose stalks are principal ideals, form a multiplicative
abelian group whose identity is the structure sheaf O=OP . The divisor div(z) of a
non-zero rational function z ∈ k(C) is de@ned to be the formal product of the principal
ideals z−1OP . We say that a divisor a is positive and write a¿O when aP ⊇ OP for
each P; the degree deg(a) is the sum of the local degrees dimk(aP=OP). The global
sections of a divisor a form a @nite-dimensional vector space
H 0(C; a) :=
⋂
P∈C
aP = {z ∈ k(C)∗ | div(z) · a¿O} ∪ {0}
over the constant @eld k. For more informations about divisors on possibly singular
curves we refer to [8] and [16].
A linear system of dimension r and degree d on C (or abbreviated, a grd on C) is
a set of the form
D= {div(z) · b | z ∈V \ {0}};
where b is a divisor of degree d and V an (r + 1)-dimensional linear subspace of
H 0(C; b). A point Q∈C is called a base point of the linear system D if it lies in the
support of each divisor belonging to D, that is, OQ $ aQ for each a∈D. If OQ is
Gorenstein, then this means OQ $
⋂
a∈D aQ or equivalently OQ :mQ ⊆ aQ for each
a∈D, where mQ denotes the maximal ideal of OQ.
If a point P of the curve C is not a base point of the linear system D, then the stalks
aP of the divisors a∈D are principal ideals, and the divisors a∈D with OP $ aP
form a linear subspace of codimension 1. If a linear system has no base points, then
its general member does not contain any singular point of the curve in its support,
and hence each member is a locally principal divisor (cf. [8, p. 379]). The base point
free grd’s on C correspond bijectively to the non-degenerated degree-d morphisms C →
Pr(k) up to linear transformations of the projective coordinates; the grd corresponding
to such a morphism consists of the inverse images of the hyperplanes.
In order to remove base points, we pass from D to the linear system
D′ := {div(z) · b′ | z ∈V \ {0}};
where b′6 b is the smallest divisor satisfying V ⊆ H 0(C; b′), that is, b′=∏P∈C OP V .
This linear system only depends on D but not on the choice of b. If D=D′ then D is
called a free linear system. This notion has been introduced by Coppens (cf. [6]). We
will call a base point of D removable if it is not a base point of D′. Non-removable
base points are necessarily singular points of the curve.
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A curve carries a g12 consisting of locally principal divisors if and only if it is a
hyperelliptic (Gorenstein) curve (cf. [10,16]); moreover, a curve carries a g12 consisting
of non-locally principal divisors if and only if it is rational, non-Gorenstein, admits
only one singular point, and the conductor of its singular local ring coincides with the
maximal ideal. This can easily be read oQ from CliQord’s theorem for singular curves
(cf. [7, appendix with J. Harris]). We call a curve C trigonal if it is equipped with a
linear system of dimension 1 and degree 3, but does not carry a g12. Then, a base point
of a g13 is necessarily a singular point, which cannot be removed from the pencil.
From now on, C is a trigonal curve of arithmetic genus g¿ 5 with a pencil D
of degree 3. Let b be a divisor belonging to the pencil D. Since deg(b) = 3 and
dimH 0(C; b)¿ 2 it follows from CliQord’s theorem for possibly singular curves that
dimH 0(C; b) = 2, that is, the g13 is complete, or equivalently
D= |b| := {div(z) · b | z ∈H 0(C; b) \ {0}}:
We denote by =C|k the space of meromorphic diQerentials on C. For each non-zero
diQerential ∈, the divisor div() is de@ned to be the largest among the divisors c
of C satisfying
∑
R|P resR(z) = 0 for each P ∈C and each z ∈ cP where the sum is
taken over the points R of the non-singular model C˜ lying over P (which correspond
bijectively to the branches of C centered at P). By the Riemann–Roch theorem, the
vector space
(b) = (C; b) := {∈ \ {0} | div()¿ b} ∪ {0}
has codimension 2 in the g-dimensional vector space (C;O) of the holomorphic dif-
ferentials on C.
Let !1; : : : ; !g be a basis of (C;O). Since the curve C is non-hyperelliptic, the
canonical map (!1 : · · · :!g) induces a birational morphism of the non-singular model
C˜ onto a curve C′ in Pg−1(k) (cf. [14, Theorem 15]). In order to study the canonical
map (which does not depend on the choice of the basis up to projective transforma-
tions), we are looking for a suitable basis of (C;O).
Theorem 2.1. Let b be a divisor belonging to the g13; and let x be a non-constant
global section of b. Then there are diFerentials ; !∈(C;O) and non-negative inte-
gers m6 n with m+ n= g− 2 such that
(C;O) =
n⊕
i=0
kxi ⊕
m⊕
i=0
kxi! and (C; b) =
n−1⊕
i=0
kxi⊕
m−1⊕
i=0
kxi!:
The integers m and n are invariants of the g13. If the g
1
3 is base point free; then m is
positive. If the g13 admits a base point and C is a Gorenstein curve; then m= 0.
To prove the theorem we consider the linear map h :(C; b)→ (C;O) de@ned by
h(!) = x!. If I is a linear subspace of (C; b) such that h(I) ⊆ I , then I =0. In fact,
if !∈ I then x!=h(!)∈ I , x2!=h(x!)∈ I; : : : and therefore !=0, because otherwise
the in@nite sequence !; x!; x2!; : : : in the @nite-dimensional vector space I would be
linearly independent. The map h has been studied by Andreotti–Mayer (cf. [1, p. 193]);
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however in order to allow singularities, it was necessary to change their argument. Now
from linear algebra we need an elementary lemma, which is a consequence of Lemma
5 of [1].
Lemma 2.2. Let E be a >nite-dimensional vector space over the >eld k; F be a linear
subspace of E of codimension two; and let h :F → E be a linear map with the property
that there is no non-zero linear subspace I of F such that h(I) ⊆ I . Then there are
vectors ; ! in E and uniquely determined non-negative integers m6 n such that
E =
n⊕
i=0
khi()⊕
m⊕
i=0
khi(!) and F =
n−1⊕
i=0
khi()⊕
m−1⊕
i=0
khi(!):
The codimension of h(F) + F in E is equal to zero (respectively; one) if m¿ 0
(respectively; m= 0).
It is easily checked that the integers m and n are invariants of the pencil |b|, that is,
they do not depend on the choice of the divisor b and its non-constant global section
x. As in the non-singular case, the invariant m will be called Maroni invariant.
It remains to prove the last two statements of Theorem 2.1. Noticing that the image
of the map h :(b) → (O) is equal to (a) = x(b) where a := div(x) · b, we can
apply the following result.
Lemma 2.3. Denoting by a ∩ b the largest divisor contained in a and b; we have
dim(O)=((a) + (b)) = deg(a ∩ b)
and
deg(a ∩ b) =
{
0 if the g13 is base point free;
1 if C is Gorenstein and the g13 admits a base point:
Proof. Since dim((a)+(b))= dim(a)+ dim(b)− dim((a)∩(b)) we obtain
dim((a) + (b)) = 2g− 4− dim(a+ b)
and therefore by the Riemann–Roch theorem
dim(O)=((a) + (b)) = 3− deg(a+ b) + dimH 0(C; a+ b):
Since the curve C has arithmetic genus larger than four and does not carry a g12; it
follows from CliQord’s theorem for singular curves (cf. [7; appendix with J. Harris])
that the dimension of H 0(C; a + b) is smaller than 1 + 12 deg(a + b)6 4 and hence
equal to three because the three functions 1; x and 1=x belong to H 0(C; a+ b). Now;
since
deg(a+ b) = deg(a) + deg(b)− deg(a ∩ b)
we obtain the @rst formula of the lemma. It follows that the degree of a ∩ b is equal
to zero (respectively; one) if m¿ 0 (respectively; m= 0). If the g13 is base point free;
then the supports of the divisors a and b are disjoint; and therefore a ∩ b = O and
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deg(a ∩ b) = 0. If the g13 admits a base point Q; then aQ % OQ and bQ % OQ and
therefore; assuming that OQ is Gorenstein; we obtain aQ∩bQ % OQ and deg(a∩b)¿ 0.
Proposition 2.4. If the g13 is base point free; then
(C; br) =
n−r⊕
i=0
kxi ⊕
m−r⊕
i=0
kxi !
for each non-negative integer r; and
dimH 0(C; br) =


r + 1 if 06 r6m+ 1;
2r − m if m+ 16 r6 n+ 1;
3r + 1− g if n+ 16 r:
Proof. If r is equal to 0 or 1; then the @rst identity follows from Theorem 2.1. Since
the g13 is base point free; the divisors a and b are locally principal and their supports
are disjoint. Hence; div(x)= a : b and b is the pole divisor of x. Since xn; xm!∈(O)
we deduce xi; xj!∈(br) whenever 06 i6 n− r and 06 j6m− r. This shows the
inclusion “⊇”.
Let  be an element of (br) where r ¿ 1. Then clearly  belongs to (br−1) and
so by induction on r we can write  =
∑n−r+1
i=0 aix
i +
∑m−r+1
j=0 bjx
j!, where ai and
bj are constants. The expression an−r+1 xn−r+1 + bm−r+1 xm−r+1! belongs to (br)
because the other terms of the decomposition of  belong to (br). Multiplying by
xr−1 we obtain an element of (b), and so an−r+1 = 0 and bm−r+1 = 0 by Theorem
2.1. This proves the @rst part of the proposition.
Since b is locally free of degree 3, the powers br have degree 3r. Thus, by the
Riemann–Roch theorem the second part follows from the @rst part.
Theorem 2.5. Let C be a trigonal curve whose g13 is base point free. Then the Maroni
invariant satis>es (g− 4)=36m6 (g− 2)=2. If m= (g− 4)=3 then C is a Gorenstein
curve.
Proof. Since m6 n and m+ n= g− 2 we have m6 (g− 2)=2. By the proposition; the
invariant n is the largest integer such that the linear system |bn| is special. Hence; it
follows from Riemann’s theorem that deg(bn)6 2g− 2; or equivalently; 3n6 2g− 2;
that is; 3m¿ g− 4.
Assume that 3m=g−4. Then the linear system |bn| is special of degree 2g−2, and
hence equal to the canonical linear system. Thus, the canonical linear system consists
of locally principal divisors, and this means that C is a Gorenstein curve.
If the g13 is base point free, then the global section x de@nes a degree-3 morphism
, :C → P1, whose @bers are just the members of the g13. The direct image ,∗OC of
the structure sheaf OC as well as the direct image ,∗kC of the canonical sheaf kC is a
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locally free OP1 -module of rank 3, and hence isomorphic to OP1 (e1)⊕OP1 (e2)⊕OP1 (e3),
where e1; e2 and e3 are integers, which are determined by Proposition 2.4:
,∗OC ∼= OP1 ⊕ OP1 (−m− 2)⊕ OP1 (−n− 2);
,∗kC ∼= OP1 (−2)⊕ OP1 (m)⊕ OP1 (n):
Conversely, in the base point free case, these isomorphisms can be used to de@ne the
Maroni invariant and to prove Proposition 2.4 (cf. [4, Section 3.2]; [13, p. 1152]; [12,
p. 172]).
3. Canonical trigonal curves
Let C be a trigonal Gorenstein curve of arithmetic genus g larger than four. We
can identify the curve C, as any non-hyperelliptic complete Gorenstein curve, with its
image under the canonical embedding, and so C becomes a curve of degree 2g− 2 in
Pg−1(k) (cf. [8, Theorem 1.6]; [14, Theorem 17]).
Let a be a divisor belonging to the g13. The hyperplanes H ⊂ Pg−1(k), whose inter-
section divisors C:H with the canonical curve C satisfy C:H¿ a, correspond bijectively
to the non-zero holomorphic diQerentials  modulo k∗ satisfying div()¿ a, that is,
∈(C; a). The intersection of these hyperplanes is a linear space in Pg−1(k), whose
codimension is equal to dim(C; a)=g−2, and so it is a line, say La. In this way, to
each member a of the g13 there is associated a line La ⊂ Pg−1(k) uniquely determined
by C:La¿ a, where for each linear subspace L of Pg−1(k) we de@ne C:L to be the
in@mum of the divisors C:H , where H varies over the hyperplanes containing L. We
will even see that C:La = a, as we will deduce from our explicit description of the
canonical trigonal curves.
If the g13 is base point free, then for any two diQerent members a and b of the pencil,
the corresponding lines La and Lb do not intersect; in fact, the linear space spanned
by La and Lb has dimension 3 because its codimension is equal to dim(C; a + b)
and hence by Lemma 2.3 equal to g− 4.
If Q is a base point of the g13 then, since dim(C; a+b)=g−3 by Lemma 2.3, the
lines La and Lb span a plane, and so they intersect only in the base point. In particular,
we conclude that the g13 does not admit a second base point.
According to Theorem 2.1 we can choose a basis of (C;OC) of the form x0; : : : ; xn,
x0!; : : : ; xm! where m6 n. Then the canonical curve C ⊂ Pg−1(k) is described by the
projective coordinate functions x0; : : : ; xn, x0y; : : : ; xmy where y = !=, and with this
choice of the coordinates it lies on the surface
Smn :=
{
(x0 : · · · : xg−1)∈Pg−1(k)
∣∣∣∣∣rank
(
x0 : : : xn−1 xn+1 : : : xg−2
x1 : : : xn xn+2 : : : xg−1
)
¡ 2
}
:
If m is positive, then the surface Smn is a rational normal scroll, namely the disjoint
union of the lines Lb=a, b=a∈ k ∪ {∞}, which are de@ned by joining the pairs of
corresponding points of the two non-singular parameterized curves:
D := {(an : an−1b : · · · : bn : 0 : · · · : 0) | (a : b)∈P1(k)}
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and
E := {(0 : · · · : 0 : am : am−1b : · · · : bm) | (a : b)∈P1(k)}:
If 0¡m¡n then E is the only irreducible curve on Smn whose intersection number
(E:E) = m − n is negative. We will analyze the case where m is equal to zero. Then
E consists of a single point Q = (0 : · · · : 0 : 1) and the surface Smn becomes a cone:
S := S0; g−2 =
{
(x0 : · · · : xg−1)∈Pg−1(k)
∣∣∣∣∣rank
(
x0 : : : xg−3
x1 : : : xg−2
)
¡ 2
}
with vertex Q. The non-singular locus S \ {Q} of the cone is described by the atlas
consisting of the two charts
S \ L∞ = {(1 : a1 : · · · : ag−2 : b) | (a; b)∈ k2} ∼→A2(k)
and
S \ L0 = {(ag−2 : · · · : a1 : 1 : b) | (a; b)∈ k2} ∼→A2(k):
Associating to each aSne plane irreducible curve the Zariski closure of its image
under the local parameterization A2(k) ∼→ S \L∞, we obtain a bijective correspondence
between the aSne plane irreducible curves and the projective irreducible curves on the
cone other than the line L∞. In particular, the vertical line on the aSne plane with
abscissa a∈ k corresponds to the line La on the cone, and the horizontal line with
ordinate b= 0 corresponds to the curve D ⊂ S.
Let C =L∞ be a projective irreducible curve on the cone. In the chart S\L∞ ∼→A2(k),
the curve is described by an irreducible equation, say
f(x; y) = cr(x)yr + · · ·+ c1(x)y + c0(x) = 0; cr(x) =0;
where x and y are the local coordinate functions, which map each point (1 : a1 : · · · :
ag−2 : b) of C\L∞ to a and b, respectively. With respect to the chart S\L0 ∼→A2(k) we
have the local coordinate functions x˜ := x−1 and y˜ := x2−gy which satisfy the irreducible
equation
r∑
i=0
ci(x˜
−1)x˜d−i(g−2)y˜ i = 0;
where d is the smallest integer satisfying deg ci(x)6d− i(g− 2) for each i. We will
consider ci(x) as a polynomial of formal degree di :=d − i(g − 2). When the degree
of ci(x) is smaller than di, then ∞ will be viewed as a root of ci(x) of order di—
deg ci(x). The de@nition of the formal degrees di is forced to get invariance under the
above chart transition.
In order to study the projective curve C near the vertex Q, we analyze the aSne
curve {(x0; : : : ; xg−2)∈ kg−1 | (x0 : · · · : xg−2 : 1)∈C} near the origin. The coordinate
functions of this aSne curve are the quotients x0=y; : : : ; xg−2=y. If a point R of the
non-singular model C˜ of C lies over the vertex Q, then the corresponding branch of
C has the tangent line Lx(R). Moreover, by the method of the Newton polygon, the
tangents of the branches of C centered at the vertex Q are just the lines La, where a
varies over the (@nite and in@nite) roots of cr(x).
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By calculating the intersection divisor C:D of the curve C with the hyperplane cut
out by the equation Xg−1 = 0, we conclude that the degree of C is equal to d. This
can also be seen by computing the Hilbert polynomial of C. Moreover, we can express
the arithmetic genus pa(C) of the curve C on the cone S ⊂ Pg−1(k) in terms of the
degree d and the dimension g− 1 of the ambient projective space:
Formula 3.1. pa(C) = (q− 1)(d− 1)− 12 q(q− 1)(g− 2) where q := − [d=(2− g)].
Proof. To determine for each natural number n the value of the Hilbert function of
the curve C ⊂ Pg−1(k); we have to calculate in the vector space of all the n-forms in
X0; X1; : : : ; Xg−2; Y the codimension of the subspace of the n-forms h(X0; X1; : : : ; Xg−2; Y )
satisfying h(x0; x1; : : : ; xg−2; y)= 0. Equivalently; we have to calculate in the vector
space Vn :=
⊕n
i=0(kX
0⊕kX 1⊕· · ·⊕kX i(g−2))Y n−i the codimension of the subspace of
the polynomials h(X; Y ) satisfying h(x; y)=0. When we attach to X and Y the weights 1
and g−2; respectively; then f(X; Y ) becomes a polynomial of weight d; and Vn consists
just of the polynomials h(X; Y ) of weight not larger than n(g−2). The above subspace
of Vn consists just of the polynomials of the form f(X; Y )‘(X; Y ); where ‘(X; Y ) varies
over the polynomials of weight not larger than n(g − 2) − d. Now a straightforward
computation shows that the codimension is equal to nd − (q − 1)d + q + ( q2 )(g − 2)
for each n¿ q − 1. By the theory of the Hilbert polynomial this has to be equal to
n deg(C) + 1− pa(C).
Now we assume that the degree d of the curve C on the cone S ⊂ Pg−1(k) is equal
to 2g− 2. Since we assume g¿ 5, this means r6 2, deg c2(x)6 2, deg c1(x)6 g and
deg c0(x)6 2g − 2 where at least one equality holds for the degrees. Intersecting the
curve with a hyperplane, we obtain a locally principal divisor of degree 2g − 2 and
dimension (larger than or) equal to g, and so we get a locally principal canonical
divisor on C. Thus the curve is a Gorenstein curve. We have proved the following:
Theorem 3.2. The mapping; that assigns to the curves on S their inverse images
under the local parameterization A2(k) ,→ S de>ned by (a; b) → (a0 : · · · : ag−2 : b);
induces a bijective correspondence between the canonical Gorenstein curves on the
cone S ⊂ Pg−1(k) and the aBne plane curves given by the polynomial equations
f(x; y) = c2(x)y2 + c1(x)y + c0(x) = 0
that are irreducible and satisfy deg c2(x)6 2; deg c1(x)6 g and deg c0(x)6 2g − 2;
where equality holds for at least one degree.
Considering the weighted Veronese isomorphism P2(1; 1; g − 2) ∼→ S de@ned by
(a0; a1; b) → (ag−20 : ag−30 a1 : · · · : ag−21 : b), we can rephrase Theorem 3.2 as follows:
The canonical Gorenstein curves on the cone S ⊂ Pg−1 correspond bijectively to the
curves in the weighted projective plane P2(1; 1; g − 2) cut out by the irreducible iso-
baric equations of weight 2g − 2. If we allow Gorenstein curves to be non-integral,
then we have to admit that the isobaric polynomials are not necessarily irreducible.
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The canonical curves on rational normal scrolls can be described in a similar explicit
way (cf. [17, Theorem 1.1]). By analyzing the quadratic relations between the projective
coordinate functions x0; : : : ; xn; x0y; : : : ; xmy of the curve C, where we only use that
by the explicit description of the minimal equation between x and y the functions
x0; : : : ; x2n, x0y; : : : ; xn+my, x0y2; : : : ; x2my2 are linearly independent, we conclude that
the Enriques–Babbage theorem (cf. [2, p. 124]) holds for trigonal Gorenstein curves
canonically embedded in Pg−1(k):
Proposition 3.3. If C is a canonical curve on the surface Smn ⊂ Pg−1(k) then Smn is
the intersection of the quadratic hypersurfaces containing C.
In particular, the ambient surface Smn is uniquely determined by the canonical Goren-
stein curve C. Note that Maroni invariant m is equal to zero if and only if Smn is
non-smooth. If m is positive then (E:E) = m − n = 2m + 2 − g is an invariant of the
algebraic surface Smn. It follows that the Maroni invariant of the g13 is an invariant of
the Gorenstein curve C. Moreover, we will see in a moment that the g13 of the Goren-
stein curve is uniquely determined. Each isomorphism between two canonical curves
on Smn ⊂ Pg−1(k) is induced by an automorphism of Pg−1(k) that by Proposition 3.3
leaves the surface Smn invariant. From this one easily deduces:
Corollary 3.4. The isomorphisms between canonical Gorenstein curves on the cone
S ⊂ Pg−1(k) are induced by the transformations
(x; y) →
(
a11x + a12
a21x + a22
;
by + b0x0 + · · ·+ bg−2xg−2
(a21x + a22)g−2
)
;
where (aij)∈GL2(k); b∈ k∗ and b0; : : : ; bg−2 ∈ k.
There is a similar explicit description for the isomorphisms between canonical Goren-
stein curves on a rational normal scroll (cf. [17, Proposition 1.2]). We recall that the
pencil of the lines La, a∈ k ∪ {∞}, consists of all the lines on the surface Smn ⊂
Pg−1(k), unless m = 1, where there is just one more line, namely the curve E of
degree m with negative self-intersection number m− n.
Theorem 3.5. A complete integral algebraic curve of arithmetic genus g larger than
four is a trigonal Gorenstein curve if and only if it is isomorphic to a canonical
curve on the surface Smn ⊂ Pg−1(k); where m= 0 or (g− 4)=36m6 (g− 2)=2; and
n= g− 2−m. The g13 on the canonical curve is uniquely determined; it is cut out by
the pencil of lines on Smn; and its Maroni invariant is equal to m. If m is positive;
then the g13 is base point free and consists of locally principal divisors. If m=0; then
the g13 does not consist of locally principal divisors and the surface Smn is a cone;
whose vertex is the only base point of the g13.
To prove the theorem, it remains to study the intersection divisors C:La of the canon-
ical curve C ⊂ Smn with the lines on Smn ⊂ Pg−1(k). If m is positive, then everything
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can be easily read oQ from the explicit description of the canonical Gorenstein curves
on rational normal scrolls (cf. [17, Section 1]).
Thus, we will assume that the Maroni invariant m is equal to zero. We have to carry
out a rather subtle local analysis at the vertex Q of the cone S. As a by-product we
obtain examples of curve singularities with interesting properties.
Recall that the curve C near the vertex Q is described by the local coordinate
functions x0=y; : : : ; xg−2=y. A hyperplane H , that passes through the vertex, is given by
a linear homogeneous polynomial a0 X0 + · · · + ag−2 Xg−2 with constant coeScients.
The corresponding intersection divisor C:H has at Q the stalk
(C:H)Q =
y
a0x0 + · · ·+ ag−2xg−2 OC;Q:
The hyperplane H contains the line L∞ (respectively, La where a∈ k), if and only if
ag−2 = 0 (respectively, a0a0 + · · ·+ ag−2 ag−2 = 0). Hence
(C:L∞)Q =
⋂ y
a0x0 + · · ·+ ag−3xg−3 OC;Q;
where the intersection is taken over the non-zero vectors (a0; : : : ; ag−3)∈ kg−2. More-
over (C:La)Q = (x − a)−1(C:L∞)Q for each a∈ k. Similar local considerations at the
other points of the curve C show that
C:La = div(x − a) · (C:L∞) for each a∈ k:
Note that x∈ (C:L∞)P for each P ∈C ∩ L∞ and therefore the divisors C:La (a∈ k ∪
{∞}) form a pencil with base point Q. Once we have shown that deg(C:L∞) = 3, it
will follow that
C:L∞ = div∞(x) :=
∏
P∈C
(OC;P + xOC;P)
because the intersection divisor C:L∞ is larger than or equal to the pole divisor div∞(x)
of x and because the curve C does not admit a g12.
If b is the divisor occurring in Theorem 2.1 then, by the choice of the coordinate
functions of the canonical curve C, the line Lb, as de@ned at the beginning of this
Section, is equal to L∞, and La is equal to La whenever a= div(x − a) · b .
To determine the degree of the pencil {C:La | a∈ k ∪ {∞}}, we can carry out a
projective transformation, in order to assure that the line L∞ is not a tangent line of
C at Q. This means that either deg c2(x) = 2 or c2(x) = 0 and deg c1(x) = g. Then the
number of the intersection points of C \ {Q} and L∞, counted properly, is equal to
the degree of the minimal equation of y over k(x). Thus, in order to prove that the
pencil has degree 3, we have to show that
dim(C:L∞)Q=OC;Q =
{
1 if deg c2(x) = 2;
2 if c2(x) = 0 and deg c1(x) = g:
We will @rst assume that degc2(x) = 2. Then Q is a (unibranch or a two-branch)
point of C of multiplicity two. If H is a hyperplane that passes through Q and does not
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contain the tangent lines of C at Q, then the intersection multiplicity dim(C:H)Q=OC;Q
is equal to two. Let H1 and H2 be the hyperplanes given by the linear polynomials
X0 and X1 − aX0, respectively, where a∈ k is not a root of c2(x). Since C does not
admit a g12, the function x does not belong to the local ring OC;Q, and therefore the
two ideals (C:H1)Q and (C:H2)Q do not coincide. Since (C:L∞)Q is contained in these
two ideals of local degree 2, we conclude that (C:L∞)Q has local degree 1, and so it
is equal to the non-principal ideal OC;Q :mQ.
Now we can assume that c2(x) = 0 and deg c1(x) = g. Let b1; : : : ; bs be the roots
of c1(x) and n1; : : : ; ns their multiplicities. There are just s branches of C centered at
Q, their tangents are the lines Lbi , and Q has multiplicity g. The functions x − bi are
local parameters in the corresponding points of the non-singular model C˜, which is
isomorphic to the projective line. Note that 1=y viewed as a formal power series in
x − bi has order equal to ni. It is now easily checked that
OC;Q = k1⊕
g−2⊕
i=0
k
xi
y
⊕ 1
y2
O˜C;Q and (C:L∞)Q = k1⊕ kx ⊕ 1y O˜C;Q;
where O˜C;Q stands for the integral closure of OC;Q. Hence (C:L∞)Q is a non-principal
ideal of local degree 2. Now the proof of Theorem 3.5 is complete.
If c2(x) = 0 and s is larger then one, then the local rings of the branches of C
centered at Q are equal to k ⊕ (x − bi)ni k[[x − bi]]. If ni¿ 3 then the corresponding
branch is non-Gorenstein, though it is centered in a Gorenstein singularity.
By counting the constants occurring in Theorem 3.2 and Corollary 3.4, it is expected
that the isomorphism classes of the trigonal Gorenstein curves of arithmetic genus g
and Maroni invariant zero form a space of dimension 2g−1. If the Maroni invariant is
positive, then the dimension of the corresponding moduli space is equal to g+2m+4
(respectively, 2g+1) if m¡ (g− 2)=2 (respectively, m=(g− 2)=2) (cf. [13, p. 1153];
[17, p. 68]).
Proposition 3.6. Let C be a trigonal curve of arithmetic genus g and Maroni invariant
zero; and let C(1) be the blowup of C centered at the base point Q.
If Q has multiplicity g (that is, c2(x)=0) then C(1) is isomorphic to the projective
line P1(k).
If Q has multiplicity 2 (that is, c2(x) =0) then C(1) is a hyperelliptic Gorenstein
curve of arithmetic genus g−1, which is up to an isomorphism the curve on the cone
S0g ⊂ Pg+1 given in the chart S0g \ L∞ ∼→A2(k) by the irreducible monic quadratic
equation
z2 + c1(x)z + c0(x)c2(x) = 0;
where z := c2(x)y. The blowup morphism C(1) → C is the projection map that assigns
to the generic point (x0 : · · · : xg : z) of C(1) the generic point (x0 : · · · : xg−2 :y) =
(c2(x)x0 : · · · : c2(x)xg−2 : z) of C.
To prove the proposition we notice that the rational map Pg+1 → Pg−1 de@ned by
projecting (x0 : · · · : xg+1) → (x0 : · · · : xg−2 : xg) induces a birational morphism
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S1; g−1 → S=S0; g−2 which is (up to a isomorphism) the blowup of the cone S centered
at the vertex Q. The inverse image of Q is the line E1; g−1 with negative self-intersection
number 2 − g on the scroll S1; g−1 ⊂ Pg+1. The strict transform C′ of C, obtained by
taking the inverse image of C ⊂ S and removing the component E1; g−1, is the image
of the morphism
(x0 : · · · : xg−1 :y : xy) : C˜ → S1; g−1 ⊂ Pg+1(k):
The strict transforms L′a of the lines La ⊂ S are just the lines on S1; g−1 that are diQerent
from E1; g−1. If c2(x) = 0 then C′ is a smooth rational curve and hence isomorphic to
the projective line.
From now on we assume c2(x) =0. Then the curve C′ ⊂ S1; g−1 ⊂ Pg+1 has degree
2g and arithmetic genus g − 1 (cf. [17, p. 66]). Since a rational normal scroll is a
union of open sets locally isomorphic to the aSne plane, the curve C′ ⊂ S1; g−1 is a
Gorenstein curve. Since the minimal equation between x and y is quadratic in y, the
lines L′a cut out a g
1
2 on C
′, and so C′ is hyperelliptic.
A complete integral curve is a hyperelliptic Gorenstein curve of arithmetic genus
g− 1 if and only if it is isomorphic to a curve of degree 2g on the non-singular locus
of the cone S0g ⊂ Pg+1 (cf. [16, Theorem 2.1]). To obtain such a representation for
the strict transform C′, we notice that, as easily checked, the functions x0; : : : ; xg and
z = c2(x)y = −c0(x)y−1 − c1(x) belong to the space H 0(C′; (C′:L′∞)g), and therefore
the morphism
(x0 : · · · : xg : z) : C˜ → S0g ⊂ Pg+1(k)
induces an isomorphism of C′ onto C(1) (cf. [16, p. 96]). Now the proof of Proposition
3.6 is complete.
If the characteristic of k is diQerent from 2, then it might be convenient to consider
instead of z = c2(x)y the function 2c2(x)y + c1(x) which satis@es the equation
(2c2(x)y + c1(x))2 = 3(x);
where
3(x) := c1(x)2 − 4c0(x)c2(x)
is the discriminant. The irreducibility of the polynomial
∑i=2
i=0 ci(X )Y
i just means that
3(x) is not a square and that c2(x); c1(x) and c0(x) do not have a common zero.
It can also be seen in a direct way by local considerations that the projection map
C(1) → C is the blowup morphism, and that C(1) is a hyperelliptic Gorenstein curve
of degree 2g and arithmetic genus g− 1 (cf. Formula 3.1), whose g12 is cut out by the
lines on the cone S0g. The points of C(1) lying over Q, correspond bijectively to the
tangent lines of C at Q and hence to the roots of c2(x) =0. If a∈ k is a root of c2(x),
then (a0 : · · · : ag : −c1(a)) is the corresponding point and (a0 : · · · : ag : 0) its conjugate
under the hyperelliptic involution. If ∞ is a root of c2(x) (that is, deg c2(x)¡ 2), then
(0 : · · · : 0 : 1 : − c1g) is the corresponding point and (0 : · · · : 0 : 1 : 0) its conjugate,
where cij denotes the coeScient of ci(x) of degree j. In this context it might be
convenient to consider instead of z= c2(x)y its conjugate c0(x)y−1 =−c2(x)y− c1(x).
R. Rosa, K.-O. St5ohr / Journal of Pure and Applied Algebra 174 (2002) 187–205 201
We will @rst assume that Q is a node. By making a projective transformation we
may assume that L0 and L∞ are the two tangent lines, that is, we may normalize
c2(x) = x. Conversely, if we equip a hyperelliptic Gorenstein curve with two smooth
non-conjugate points, then by producing a node by identifying the two points we obtain
a trigonal Gorenstein curve, such that the node is a base point of the g13. The property,
that the two distinguished points are non-conjugate, ensures that the construction does
not provide a hyperelliptic curve.
Proposition 3.7. The trigonal Gorenstein curves of arithmetic genus g and Maroni
invariant m=0; whose base points are nodes; correspond up to isomorphisms bijec-
tively to the hyperelliptic Gorenstein curves of arithmetic genus g− 1 equipped with
(an unordered pair of ) two smooth non-conjugate points.
Proof. Let C1 be a hyperelliptic Gorenstein curve of arithmetic genus g− 1 equipped
with two smooth non-conjugate points. We may assume that C1 lies on the cone S1g
and is given in the chart S1g \ L∞ by an irreducible equation z2 + c1(x)z + c(x) = 0;
where c1(x) and c(x) are polynomials of formal degrees g and 2g; respectively (cf.
[16; Theorem 2.1]). By making a projective transformation (cf. [16; Proposition 2.3])
we may further assume that (1 : 0 : · · · : 0) and (0 : · · · : 0 : 1 : 0) are the conjugates of
the two distinguished points; and therefore c(x) = xc0(x) where c0(x) is a polynomial
of formal degree 2g−2. If we de@ne y=x−2z then xy2+c1(x)y+c0(x)=0 and we get
a trigonal curve C satisfying C(1) =C1. By Corollary 3.4; and Proposition 2.3 of [16];
two such trigonal curves are isomorphic if and only if the corresponding 2-pointed
hyperelliptic curves are isomorphic.
If the characteristic is diQerent from 2, then in addition to c2(x)= x we may nor-
malize c1(x) = c10x0 + c1gxg, and the only freedom left to us is to transform (x; y)
into (ax; by) or (ax−1; bx2−gy) where a and b are non-zero constants (cf.
Corollary 3.4).
We will now admit that the two distinguished smooth non-conjugate points coincide.
We assume that C has only one tangent line at Q. Then we may normalize c2(x)= x2,
and so L0 is the tangent line and Q(1) = (1 : 0 : · · · : 0 : −c10) the corresponding point
of C(1). The base point Q is a cusp if and only if Q(1) is smooth i.e. c10 =0. Recall
that the Weierstrass points of a hyperelliptic curve are just the @xed points of the
hyperelliptic involution. Applying again Corollary 3.4, and Proposition 2.3 of [16], we
obtain
Proposition 3.8. The trigonal Gorenstein curves of arithmetic genus g and Maroni
invariant m=0; whose base points are cusps; correspond up to isomorphisms bijec-
tively to the hyperelliptic Gorenstein curves of arithmetic genus g− 1 equipped with
a smooth non-Weierstrass point.
If the characteristic is zero, or a prime p =2 not dividing g, then in addition to
c2(x)= x2 we may normalize c1(x)= 1 and it remains only the freedom to replace the
2g− 1 coeScients c0j of c0(x) by aj+2c0j where a is a non-zero constant.
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We will now admit that the distinguished point is a @xed point of the hyperelliptic
involution. We assume c10 = 0 that is Q(1) = (1 : 0 : · · · : 0), which is a singular point
of C(1). By Hironaka’s genus formula (cf. [9, Theorem 2]) the singularity degree 4 of
Q satis@es 46 g and
4= 1 + 4(1);
where 4(1) denotes the singularity degree of Q(1). To resolve the singularity of C(1) at
Q(1) there are necessary 4(1) successive blowups. If p =2 and if the order ord0 3(x)
of the discriminant at x = 0 is even (respectively, odd), then it is equal to 24(1)
(respectively, 24(1)−1), and Q(1) and hence Q is a two-branch (respectively, unibranch)
point.
To study the isomorphism classes of the curves, it will be convenient to assume
that L∞ (instead of L0) is the tangent line of C at Q, and so we normalize c2(x) = 1
(instead of c2(x) = x2) and assume c1g = 0 (instead of c10 = 0). If p =2 then
deg3(x) = 2g− ord∞ 3(x) =
{
2g+ 2− 24 if Q is two-branch;
2g+ 1− 24 if Q is unibranch:
Proposition 3.9. The moduli space of the trigonal Gorenstein curves of arithmetic
genus g and Maroni invariant m=0; whose base points are two-branch (respectively;
unibranch) points of multiplicity 2 and singularity degree 4 where 16 46 g; has
dimension 2g− 24+ 1 (respectively; 2g− 24).
We will @rst prove the proposition when 4¿ 1 and p =2. Then we can nor-
malize c1(x) = c1; g−1xg−1 and the remaining transformations depend only on 3 con-
stants a; b∈ k∗ and a0 ∈ k which transform c1; g−1 into ag−1b−1c1; g−1 and 3(x) into
b−2U(ax + a0). The automorphisms of such a curve are just given by the transfor-
mations that leave c1; g−1 and 3(x) invariant. For each 4 there is just one curve with
in@nite automorphism group, namely the curve given by the equation y2 = x2g+1−24.
Excluding these curves and @xing the degree of 3(x), the moduli space becomes an
algebraic variety of dimension deg(3)− 1.
To prove the proposition in any characteristic, we consider the moduli space of the
pointed hyperelliptic Gorenstein curves of arithmetic genus g−1 marked at two-branch
(respectively, unibranch) points of singularity degree 4−1¿ 0. Theses spaces have been
studied in [16] and their dimensions are equal to 2g− 24 (respectively, 2g− 24− 1).
The isomorphisms of the pointed curves C(1) marked at Q(1) = (0 : · · · : 0 : 1 : 0) are
given by the transformations
(x; y) → (ax + a0; by + b0x0 + · · ·+ bg−1xg−1);
where a; b∈ k∗ and a0; b0; : : : ; bg−1 ∈ k (cf. [16, Proposition 2.3]), while the isomor-
phisms of the curves C are given by the transformations satisfying bg−1 = 0 (cf.
Corollary 3.4). Thus, when 4¿ 1, the pointed curve C(1) does not determine the curve
C uniquely up to isomorphisms, but determines a one-parameter family of trigonal
curves. Passing from the moduli spaces of trigonal curves C to the corresponding
moduli spaces of pointed hyperelliptic curves C(1) the dimension drops by 1. This
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proves Proposition 3.9 when 4¿ 1. If 4 = 1 then we may apply the Propositions 3.7
and 3.8 and do similar normalizations and dimension counts.
4. Examples of trigonal non-Gorenstein curves
Removing the Gorenstein assumption, we will provide counter examples for several
statements of the preceding sections.
Example 4.1. To construct a non-Gorenstein curve C; equipped with a base point free
g13; we start from its partial desingularization C
′ ⊂ Pg−1(k) (cf. [14; Theorem 17])
which by Theorem 2.1 lies on a rational scroll.
Let C′ be a trigonal curve of arithmetic genus g − 2. We assume that C′ admits a
non-singular point P that is totally rami@ed with respect to the g13 (cf. [5]). This means
that there is a divisor a belonging to the g13 whose support consists only of P. Let b
be another member of the g13 and let x be a global section of b such that a=div(x) ·b.
Then x has at P a zero of order 3.
We consider the complete (and hence projective) curve C obtained from C′ by
replacing the regular local ring OC′ ;P by the unibranch local ring
OC;P := k ⊕m3C′ ;P
which is non-Gorenstein of singularity degree 2. By Hironaka’s genus formula (cf. [9,
Theorem 2]) the arithmetic genus of C is equal to g. Note that x is contained in the
local ring OC;P and that P does not belong to the support of b. Thus, viewing b as
a divisor of C, we conclude x∈H 0(C; b) and therefore the complete linear system |b|
of degree 3 has dimension 1.
To get a concrete example of a trigonal non-Gorenstein curve C, we take g = 5,
m= 1, consider the non-singular curve of genus 3 on the scroll S12 ⊂ P4(k) given by
the irreducible quartic equation f(x; y)=y3−x−x4 =0; and modify as above the local
ring at the point P=(1 : 0 : 0 : 0 : 0). It is easily checked that a basis of (C;OC) is given
by the diQerentials ; x; x2; y and xy where  := 3x−1 dx=fy(x; y) = x−1y−2 dx.
Example 4.2. We construct a trigonal non-Gorenstein curve; whose g13 admits a base
point; though the Maroni invariant is positive; but possibly smaller than or equal to
(g − 4)=3. The idea of constructing is to start from a partial desingularization that is
hyperelliptic.
Let C′ be a hyperelliptic curve of arithmetic genus g′, and Q a non-singular point
of C′ that is rami@ed with respect to the g12. Then there is a rational function x on
C′ that has at Q a pole of order 2 and does not admit any other pole. Assuming
that the characteristic of the constant @eld is diQerent from two, we conclude that
the quadratic @eld extension k(C′)|k(x) is generated by a function y that satis@es the
equation y2 = h(x) where h is a polynomial of degree 2g′ + 1.
Let 4 be an integer larger than one, and let C be the complete non-Gorenstein curve
obtained from C′ by replacing the regular local ring OC′ ;Q by the unibranch local ring
OC;Q := k ⊕m4+1C′ ;Q
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of singularity degree 4. By Hironaka’s genus formula the arithmetic genus of C is equal
to g := g′ + 4. Let b := div∞(x) be the pole divisor of x. Then bQ = kx ⊕ k ⊕ m4−1C′ ;Q
and bP =OC;P =OC′ ;P for each P ∈C \ {Q}. Thus, b is a positive divisor of degree 3
and x is a global section of b. It follows that |b| is a free g13 with base point Q. The
intersection
⋂
a∈|b| aQ of the stalks at the base point is equal to the local ring OC;Q if
and only if 4¿ 3. A basis of the vector space (C;OC) of holomorphic diQerentials is
given by the expressions x0 dx=y; : : : ; xn dx=y, x0 dx; : : : ; xm dx where n=g′+[(4−1)=2]
and m= [(4− 2)=2] is the Maroni invariant of |b|. Note that m is equal to (g − 4)=3
if and only if 4= 2g′ − 2 or 4= 2g′ + 1. If 3¡4¡ 2g′ − 2 or 3¡4= 2g′ − 1 then
0¡m¡ (g− 4)=3.
Example 4.3. For each integer g¿ 2 we construct a complete curve of arithmetic
genus g that admits simultaneously a free pencil of degree 2 and in@nitely many free
pencils of degree 3. Let Q be a point of the projective line P1 =P1(k); and let t be a
local parameter at Q that generates the rational function @eld k(P1)|k. We consider the
complete rational non-Gorenstein curve C of genus g¿ 2; obtained from the projective
line P1 by replacing the regular local ring OP1 ;Q by the local ring
OC;Q := k ⊕mg+1P1 ;Q
of singularity degree g. Let b and d be the divisors on C with support {Q}; whose
stalks at Q are de@ned by bQ := kt−2 ⊕ k ⊕ mg−1P1 ;Q and dQ := kt−1 ⊕ k ⊕ mgP1 ;Q. Then
b (respectively; d) is a positive divisor of degree 3 (respectively; degree 2) that has a
non-constant global section; namely the function x := t−2 (respectively; t−1). The linear
system |b| (respectively; |d|) is a free g13 (respectively; a free g12) with the base point
Q. Replacing for each constant c the local parameter t by t=(1+ct) we obtain in@nitely
many free pencils of degree 3 on C. The diQerentials t−2 dt; t−3 dt; : : : ; t−(g+1) dt form
a basis of the vector space (C;O). According to Theorem 2.1 the Maroni invariant
of |b| is equal to m= [(g− 2)=2] and we can take = t−2 dt and != t−3 dt.
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